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Abstract 

In this paper, we study static spherically symmetric wormhole so¬ 
lutions in extended teleparallel gravity with the inclusion of noncom¬ 
mutative geometry under Lorentzian distribution. We obtain expres¬ 
sions of matter components for non-diagonal tetrad. The effective 
energy-momentum tensor leads to the violation of energy conditions 
which impose condition on the normal matter to satisfy these condi¬ 
tions. We explore the noncommutative wormhole solutions by assum¬ 
ing a viable power-law f(T) and shape function models. For the first 
model, we discuss two cases in which one leads to teleparallel gravity 
and other is for f(T) gravity. The normal matter violates the weak 
energy condition for first case while there exist a possibility for mi¬ 
cro physically acceptable wormhole solution. There exist a physically 
acceptable wormhole solution for the power-law b{r) model. Also, we 
check the equilibrium condition for these solutions which is only sat¬ 
isfied for teleparallel case while for f(T) case, these solutions are less 
stable. 
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1 Introduction 


General theory of relativity laid down the foundation of modern cosmology. 
The ACDM model is the simplest model compatible with all cosmological 
observations but suffers some shortcomings like fine-tuning and cosmic co¬ 
incidence problems. The modified theories of gravity are the generalized 
models came into being by modifying gravitational part in general relativity 
(GR) action while matter part remains unchanged. At large distances, these 
modified theories, modify the dynamics of the universe. In another scenario, 
modified matter part with unchanged gravitational part results dynamical 
models such as cosmological constant, quintessence, k-essence, Chaplygin 
gas and HDE models meg. After GR, Einstein attempted to unify gravita¬ 
tion and electromagnetism based on mathematical structure of absolute or 
distant parallelism, also referred as teleparallelism which led to teleparallel 
(TP) gravity. In this gravity, the gravitational field is established through 
torsion using Witzenbock connection instead of curvature via Levi-Civita 
connection in GR. 

The extended TP theory of gravity (or f(T) gravity where T represents 
torsion scalar) is the generalization of TP gravity in the same fashion as 
f(R) gravity generalizes GR. This is attained by replacing torsion scalar in 
the action of TP gravity by a general differentiable function f(T). Ferraro 
and Fiorini [3] firstly introduced this theory by applying Born-Infeld strat¬ 
egy and solved particle horizon problem as well as obtained singularity-free 
solutions with positive cosmological constant. Afterwards, this theory has 
been studied extensively under many phenomena, like accelerated expansion 
of the universe, solar system constraints, discussion of Birkhoff’s theorem, 
thermodynamics, reconstruction via dynamical models, static and dynami¬ 
cal wormhole solutions, viability of models through cosmographic technique, 
instability ranges of collapsing stars, and many more. A vast area of research 
in f(T) gravity is fulfilled using spherically symmetric scenario [0]. 

A wormhole is a hypothetical path to connect different regions of the uni¬ 
verse which can be regarded as a tunnel or bridge from which an observer may 
traverse easily. Wormhole solutions are described by static as well as dynam¬ 
ical configurations. In GR, the exotic matter (violates the energy condition) 
constitutes basic ingredient to develop mathematical structure of wormhole. 
The violation of NEC is the necessary tool to form wormhole solutions which 
also allow two way travel. Also, the inclusion of electromagnetic field, scalar 
held, noncommutative (NC) geometry, NC Lorentzian (NCL) distribution, 
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[5] etc establish more interesting and useful results. The search for a realistic 
source which provides the violation (while normal matter satisfies the energy 
conditions) has recently gained a lot of interest. The modified theories of 
gravity are one of the direction to establish realistic wormhole solutions. 

In f(T) gravity, the effective energy-momentum tensor is the cause for the 
corresponding violation while normal matter threads wormhole solutions. In 
this regard, the extra terms related to the underlying theory play their effec¬ 
tive role to violate the energy conditions which is necessary to keep wormhole 
throat open to be traversable. Bohmer et al. [6j were the first who stud¬ 
ied wormhole solutions in this gravity by taking static spherically symmetric 
traversable wormhole solutions and found some constraints on the wormhole 
throat. They explored behavior of energy conditions by taking particular 
/(T), shape and redshift functions and obtained physically acceptable solu¬ 
tions. Jamil et al. [7] studied these solutions by taking fluid as isotropic, 
anisotropic as well as particular equation of state and found that energy 
conditions are violated in anisotropic case while these are satisfied for the 
remaining two cases. Sharif and Rani [8j explored dynamical wormhole so¬ 
lutions for traceless as well as barotropic equations of state. With the help 
of analytic and numerical /(T) models, they concluded that weak energy 
condition (WEC) holds in specific time intervals for these cases. 

Rahaman et al. [9] examined the NC wormhole solutions in GR for higher 
dimensional static spherically symmetric spacetime and found their existence 
in regular way upto four dimensions while in a very restrictive way for five 
dimensional space. Beyond these dimensions, the possibility of wormhole 
solutions is over. Jamil et al. [10] also explored f(R ) wormhole solutions 
in the same background. Recently, Sharif and Rani have studied wormhole 
solutions HU in the background of NC geometry for f(T) = aT n model as 
well as shape function. They concluded that the effective energy-momentum 
tensor serves as the basic ingredient to thread the wormhole solutions and 
normal matter gives some physically acceptable solutions. They extended 
[12] this work to study the effects of electrostatic held. The same authors 
explored these solutions for galactic halo regions [13] for exponential and 
logarithmic models but no physically acceptable solutions are obtained. 

Recently, Bliar and Rahaman [IT] studied the wormhole solutions in 
Lorentzian distribution as the density function in the noncommutativity- 
inspired spacetime. They obtained a stable wormhole which is asymptoti¬ 
cally hat in the usual four dimensional spacetime. In order to search for some 
realistic wormhole solutions, we extended this work in extended teleparallcl 
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gravity for specific f{T) and shape function models. The paper is organize as 
follows: In the next section, we provide wormhole geometry for static spheri¬ 
cally symmetric spacetime and briefly discuss the energy conditions. Section 
3 is devoted to the discussion of f{T) gravity. In section 4, we construct 
the field equations and matter content for the wormhole solutions. Section 5 
contains the construction of wormhole solutions for particular f(T) and b(r) 
functions. In section 6, we check the equilibrium condition for the obtained 
solutions. The last section summarizes the results. 


2 Wormhole Geometry 

One of the most fascinating features of GR is the possible existence of space- 
times with non-trivial topological structure. The well-known examples of 
this structure are described by Misner and Wheeler [15J and Wheeler [16] 
as solutions of the Einstein field equations known as wormhole solutions. 
Basically, the wormhole having appearance as tube, tunnel or bridge repre¬ 
sents a shortcut way to communicate between two distant regions. If there 
exist some other paths between these regions then these are called “intra¬ 
universe”, otherwise “inter-universe” wormholes. The simplest example of 
such connection is the Einstein-Rosen bridge (or Schwarzschild wormhole) 
which unfortunately fails to provide a way of communication to another re¬ 
gion of space to which it is connected. The reason behind this is that any 
photon or particle falling in it, reaches the singularity at r = 0 and thus has 
no link with other end of wormhole. 

The Lorentzian traversable wormholes are the most favorable in the sense 
that a human may traverse from one side of the wormhole to the other 
through these wormholes. Being the generalized form of Schwarzschild worm¬ 
hole (having event horizon which permits one way travel) with no event 
horizon, these wormholes lead to two way travel. Morris and Thorne m 
established static spherically symmetric wormhole spacetime given by 

rlr 2 

ds 2 = e 2 ^^dt 2 -— r 2 d9 2 — r 2 sin 2 9d<f> 2 . (1) 

^ r 

Here, T(r) represents redshift (or potential) function which determines grav¬ 
itational redshift of a light particle (photon). The magnitude of redshift 
function must be finite everywhere for the two way travel through wormhole. 
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The function b(r) denotes the shape function which sets the shape of the 
wormhole. 

The essential characteristics required for a wormhole geometry are dis¬ 
cussed in PHH8] given as follows. 

• The no-horizon condition (T(r) must be finite everywhere in the space- 
time) must be satisfied by the redshift function. Usually, it is taken as 
zero, which gives e 2 ' p ^ —» 1. 

• The shape function must satisfy the flaring out condition on throat, 
i.e., to have the proper shape for a wormhole, the ratio of the radial 
coordinate to the shape function at that coordinate must be 1 while 
this coordinate expresses non-monotonic behavior away from throat. 
Taking throat radius as r 0 , it yields b(r 0 ) = r 0 and b'(r 0 ) < 1. 

• The proper radial distance, r(r) = ± f , dr r > r 0 should be 

^ ^ ’ V ' Jr 0 y/l-b(r)/r ’ - 

finite throughout the space. The signs ± associate the two parts which 
are joined by the throat for wormhole configuration. 

• At large distances, the asymptotic flatness should be accomplished by 
the spacetime, i.e., — —* 0 as r —» oo. 

Notice that Morris-Thorne wormhole is not a particular wormhole solution 
like Schwarzschild wormhole which depends on a single parameter, the mass 
of wormhole. Instead, it is a class of solutions for arbitrarily large number of 
redshift as well as shape functions satisfying the above constraints. 

In order to prevent shrinking of wormhole throat and to make it traversable, 
the matter distribution of energy-momentum tensor at throat must be neg¬ 
ative. More precisely, the sum of energy density and pressure of matter is 
negative representing violation of Null energy condition (NEC) and such mat¬ 
ter is named as “exotic”. It is noted that ordinary energy-momentum tensor 
satisfies the NEC. For viability of wormhole solutions, it is necessary to min¬ 
imize the amount of exotic matter required to support wormhole solutions. 
The modified theories of gravity are one of the source which provide effec¬ 
tive energy-momentum tensor to violate the WEC (contains NEC). In this 
regard, the usual energy-momentum tensor may satisfy this condition. To 
discuss NEC and WEC, we assume energy-momentum tensor in appropriate 
orthonormal frame as 


T aP = diag(p, pi, j> 2 , p 3 ), 
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where p is the energy density and p n (n = 1, 2, 3) denote principal pressures. 


• Weak Energy Condition: The relationship between Raychaudhuri 
equation and attractiveness of gravity yields the WEC as 


T a0 V a V d > 0, 


for any timelike vector V a . In terms of components of the energy- 
momentum tensor, this inequality yields 

P > 0, p + p n > 0, V n. 

For modified theories of gravity, we replace matter content of the uni¬ 
verse in effective manner as T^ 0 as well as matter components p eff 
and pn f ■ 

• Null Energy Condition: By continuity, the WEC implies the NEC 


T a pk a kP > 0 , 


for any null vector k a . This inequality gives p+p n > 0, V n. In effective 
manner, this becomes p eff +pn f > 0. 

3 /(T) Theory of Gravity 

It is well-known that curvature and torsion are the properties of a connec¬ 
tion and many connections may be defined on the same spacetime. The 
Riemann-Cartan (generalized Riemannian) spacetime yields two interesting 
models of spacetime such as Riemannian and Weitzenbock spacetimes [[T9] . 
The concept of curved manifold is a crucial characteristic of GR which is 
carried out through Riemannian spacetime having metric tensor as the dy¬ 
namical variable. It uses curvature (Riemann) tensor to achieve Levi-Civita 
connection whose curvature remains non-zero while torsion vanishes due to 
its symmetry property. On the other hand, the non-zero torsion with van¬ 
ishing curvature corresponds to the Weitzenbock spacetime which parallel 
transports the tetrad field. The TP theory is defined by Weitzenbock con¬ 
nection with tetrad held as the basic entity. This theory is an alternative 
description of gravity having translation group which is related to a gauge 
theory. The existence of non-trivial tetrad held in gauge theory leads to the 
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teleparallelism structure. The f(T) theory of gravity is the generalization of 
TP theory. 

The geometry of TP theory is uniquely defined by an orthonormal set 
of four-vector fields (three spacelikc and one timelike) named as the tetrad 
field. The simplest type of tetrad held is the trivial tetrad which has the form 
e* = 5- L dp, e J = S^dx 11 , where 5^ is the Kronecker delta. However, this type of 
tetrad held gives zero torsion and are of less interest. The non-trivial tetrad 
held provides non-zero torsion and yields the construction of TP theory. It 
can be written as 

K = hfdn, h j = h j v dx v (2) 

satisfying the following properties h\hj^ = b), h l /1 h i l/ = 5”. This held 
establishes metric tensor as a by product given as follows 

9fiv Vijh ( 3 ) 

The torsion scalar has the following form 

T = S/'TV (4) 

The superpotential tensor S^ (anti-symmetric in its upper indices) is 

S-T = \ (^"7 + ^ T ° V e - d;T 9 %). ( 5 ) 

The torsion tensor as follows 


'TU — T7 _ F7 = h^(r)h i — F) h* 1 
1 L uu L tiu \ u v n fJ, u ti u v)i 


( 6 ) 


which is antisymmetric in its lower indices, i.e., T 7 ^ = —T 7 ^. The contor- 
sion tensor can be defined as 

A'V = i[V„ + T„%-TV]. (7) 


To formulate a suitable form of the held equations which establishes the 
equivalent description (upto equations level) of these theories, we follow the 
covariant formalism ED). Incorporating the above equations and some alge¬ 
braic manipulations, it follows that 


G, w - -g^T = - S a \K ia „, 


( 8 ) 
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where G^ = R^ u — \g^ v R is the Einstein tensor. Finally, we obtain the 
following field equations for f(T) gravity as 

JtG^ + -g^vif — T f T ) + E^f TT = k 2 T^ v , (9) 

where = Sy^ 1 'S7 1 T. It is noted that Eq. (J9]) possesses an equivalent struc¬ 
ture like f(R) gravity and reduces to GR for f(T) = T. The trace equation 
is used to constrain and simplify the held equations. Here, the trace of the 
above equation is 


Efrr — (R + 2T)/r + 2/ = k 2 T , 

with E = E u v and T = T v v . In terms of effective energy-momentum tensor, 
the f(T) held equations can be rewritten as 

G>„ = K,% e " = + 7£). (10) 

f T m 

The term T* v = corresponds to the matter huid while using trace equa¬ 
tion, torsion contribution is given by 

7^ = - \g„u(T - EItt + Rfr)}- (11) 

4 Field Equations for Wormhole Construc¬ 
tion 

Gravitational theories (like f(R) theory) developed through metric tensor as 
well as its dependent quantities are local Lorentz invariant. Being the basic 
entity in f(T) gravity, the torsion tensor (taking tetrad) which induces the 
TP structure on spacetime fails to be invariant under local Lorentz trans¬ 
formations pUJ. This can be seen from R = —T — 2V 7 T l ' 7i ,, where R is a 
covariant scalar while T as well as V 7 T^ 7l/ being covariant scalars but not 
local Lorentz invariant. However, the later scalar can be neglected inside 
integral for TP theory and becomes equivalent to GR. 

The non-invariant theories might be sensitive in order to choose reason¬ 
able tetrad which are not uniquely determined by the given metric g A1I/ . In 
general, one comes across by a more complicated connection between the 
tetrad and metric, particularly for non-diagonal tetrad with diagonal metric 



(or even sometimes diagonal tetrad). Different field equations are developed 
by taking different tetrad which successively induce distinct solutions. In 
an appropriate limit, some of these solutions lead to GR counterparts while 
others fail to provide valid GR counterpart. Thus, the choice of tetrad is a 
crucial point in f(T) theory and needs peculiar attention. 

When we deal with spherical coordinates, the diagonal tetrad become 
unsuitable as they provide some constraints on T and f(T) model [2I|- We 
obtain an unwanted condition T for = 0 (or simply frr = 0) which yields tor¬ 
sion scalar to be constant or f{T) — c\ + C 2 T representing TP theory. Thus, 
the diagonal tetrad do not represent a useful choice for spherical symmetry. 
In order to search for realistic source towards wormhole solutions in f(T) 
gravity, we assume the following non-diagonal tetrad for static spherically 
symmetric wormhole spacetime (jTJ) 

/ e 2^(r) 

0 


The torsion scalar turns out to be 



We assume anisotropic energy-momentum tensor as 

= (p + VtWU u - p t t: + (p r - p t )V»V v , (13) 

where p r and pt are the radial and transverse components of pressure. The 
four-velocity of the fluid U M and the unit spacelike vector satisfy = 

1; — — 1, = 0. The corresponding energy-momentum tensor is 

TO = diag(p, -p r , -pt, -pt). 

Equation (jUJ) yields the following field equations 




sin 6 cos (j) 
sin 9 sin (j) 
cos 9 


0 

r cos 9 cos« 
r cos 9 sin c 
—r sin 0 


° ^ 

—r sin 9 sin <f> 

r sin 9 cos (f) 


0 
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(16) 


r 


where prime refers derivative with respect to r and J(r ) is given by 


m = \{T-Ef„+Rf T ). 


Taking effective energy density and pressure from Eqs. (fT4li and (fT5lh NEC 
yields 



Due to flaring out condition, we obtain b > b'r leading to the violation of 
NEC with T' < 0, i.e., p e ^ + p e J* < 0 which implies that the effective 
energy-momentum tensor is responsible for the necessary violation of energy 
conditions to support wormhole geometry. Thus, it may impose condition 
on the usual matter to satisfy the energy conditions in this scenario and 
establish some physically acceptable solutions. 

To be traversable wormhole solution, the magnitude of its redshift func¬ 
tion must be finite. Also, upto equation level for constant value of T other 
than zero, we note that only T' is used for which T =constant gives same 
scenario. For the sake of simplicity, setting T = 0 in Eqs. (1 14 [) - tfT6|) . the held 
equations can be written as 



(18) 


Pv = — ;/t, 


(19) 


'Pi 



( 20 ) 


where the torsion scalar becomes 



(21) 
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It is noted that Eg. (1 171) gives the violation of NEC in terms of flaring out 
condition. 


5 Wormhole Solutions 


Non-commutative geometry is the intrinsic characteristic of spacetime and 
plays an effective role in several areas. To formulate NC form of GR, the 
coordinate coherent state approach is widely used. The NC geometry is used 
to eliminate the divergencies that appear in GR by replacing the point-like 
structures with smeared objects. Taking Lorentzian distribution, the energy 
density of the particle-like static spherically symmetric gravitational source 
having mass M takes the following form [22] 


Pncl ~ 7T 2 (r 2 + 0) 2 ’ 


( 22 ) 


where (j) is the NC parameter. Taking into account correspondence between 
p and p NCL using Eqs. (TT8l) and (l22lh we obtain the following differential 
equation 


-f +1 

o J T ' 




My^ 

7r 2 (r 2 + <p) 2 ’ 


(23) 


which contains two unknown functions, b and /. Thus, we have to choose one 
of these function and carried out steps for the other one. We discuss the NCL 
wormhole solutions in f(T) gravity for non-diagonal tetrad and investigate 
the behavior of energy conditions for specific f(T) and shape functions. 


5.1 For Power-law f(T) Model 

We assume model in power-law form of torsion scalar which is the generaliza¬ 
tion of GR and analogy to f{R) model like f(R) — R + SR 2 taken to discuss 
the wormhole solutions. The f(T) model is 

/(T) = T + aT 2 , (24) 

This model has contributed as the most viable model due to its simple form 
and we may directly compare our results with GR. We discuss wormhole 
solutions for the following two cases: 
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(i) Evolution of b versus r 


(ii) Evolution of — versus r 



(iii) Evolution of b-r versus r 




dr 



Figure 1: Plots of shape function in teleparallcl case: (i) b versus r, (ii) - 
versus r, (iii) b — r versus r, (iv) ^ versus r. 


Case I: a = 0 

We consider a — 0 in model (1241) which leads the whole scenario in teleparallel 
gravity. In this case, Eq. ()23]) becomes 


b' _ M^/0 

r 2 7 r 2 (r 2 + 0) 2 ’ 


(25) 


yields the solution 


b(r) 


M 

2 ^ 


( 

\r 2 + 0 


_i , I 

+ tan (—= 

V0 


+ c ) 


(26) 


where c is an arbitrary constant. 

In order to examine the geometry of wormhole, we draw the shape func¬ 
tion taking different conditions in Figure 1. We choose arbitrarily the values 
of model parameters, such as, 0 = 0.5, M — 15 and c = 1. Figure l(i) 
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Figure 2: Plots of WEC in teleparallel case: (i) p versus r, (ii) p + p r versus 
r, (iii) p + Pt versus r. 


represents the evolution of shape function in increasing manner versus r. For 
asymptomatically flat condition, we draw £ with respect to increasing r. ft 
can be seen from plot (ii) that - approaches towards 0 as r —* 0. This im¬ 
plies that asymptotically flat condition for wormhole construction is satisfied. 
In plot (iii), we draw b — r versus r to find out throat radius. It is noted 
that throat radius is that minimum value for which b — r cuts the r-axis. In 
this case, the throat radius is obtained as r 0 = 1.6. This plot satisfies the 
condition 1 — - > 0 for r > r 0 . In Figure l(iv), we plot the first derivative 
of b(r ) with respect to r to check the validity of condition fe'(ro) < 1 which 
shows that the corresponding condition is satisfied. Thus, the shape function 
satisfies the required structure of the wormhole. 

Equations (fT8]h (l20l) are given as follows 


My^ 

7r 2 (r 2 + 0) 2 ’ 


(27) 
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b(r) 

(i) Evolution of b(r) function («) Evolution of-function 



0.0000 0.0005 0.0010 0.0015 0.0020 0.0 0.5 1.0 1.5 2.0 


r r 


Figure 3: Plots of shape function in f(T) case: red curve for a = —2, green 
curve for a = —3, blue curve for a = — 5 (i) b versus r, (ii) £ versus r, (iii) 
b — r versus r, (iv) ^ versus r. 


Pr 


Pt 


1 [ M 
r 3 27r 2 

i r 


/ r\f(\) 
\r 2 + (f> 
My/4> 


2 r 2 


7r' 


+# 




(28) 

(29) 


The behavior of WEC (p, p + p r and p + pt) versus r is shown in Figure 2 . 
The curves of p, p+pt represent positively decreasing behavior for increasing 
r while p+p r indicates negative behavior which shows the violation of WEC. 
Thus no physically acceptable wormhole solution is obtained in teleparallel 
case. These results are compatible with the results of [Qj. 
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Case II: a ^ 0 

The case a ^ 0 leads to the extended teleparallel gravity. Inserting Eq. (l24|) 
in (l23]h we obtain the following differential equation 



We check the behavior of shape function and flaring out conditions numeri¬ 
cally through graphs by taking same values of parameters along with three 
different values of a such as a = —2, —3, —5 and initial value as /(2.2) = 1. 
Figure 3(i) represents increasing behavior of the shape function versus r. In 
the right graph (ii), £ versus r shows that - approaches to zero as we in¬ 
crease r which represents that asymptomatically flatness is obtained. To 
locate throat of the wormhole, we plot b(r) — r versus r as shown in the (iii) 
plot of Figure 3. In this plot, the throat is located at very small values of 
r. The first derivative of shape function is also plotted versus r as shown 
in (iv) plot which indicates that ^ at r 0 satisfies the condition, b'(r 0 ) < 1. 
Thus similar to teleparallel case, shape function satisfies the conditions of 
wormhole geometry. 

To check the behavior of WEC for power-law model, the expressions of 
matter content using Eqs. (TT8]h(l20|) are given by 
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2.5 


(i) Evolution of p 


(ii) Evolution of p+p r 





0.0 0.5 1.0 1.5 2.0 


Figure 4: Plots of WEC in f(T) case: red curve for a = —2, green curve for 
a = —3, blue curve for a = — 5 (i) p versus r, (ii) p + p r versus r, (iii) p + pt 
versus r. 



Figure 4 represents graph of WEC expressions versus r which show that p 
and p + Pt show decreasing behavior but remain positive. For a = —2, p 
indicates negative value at r < 0.52. The behavior of p + p r is negative but 
there exist some part of the curves in positive panel of plot. Thus there exist 
possibility to have micro or tiny wormhole. 

5.2 For Power-law b(r) Model 

Here, we examine the wormhole solution by considering a specific shape func¬ 
tion in terms of power-law form and construct f(T) function in the NCL 
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background. We take the following particular shape function mm 

b(r ) = r 0 , (34) 

where 7 is any constant. To meet the wormhole geometry, it can be seen 
that b'(r 0 ) < 1 implies that b'(r 0 ) = 7 < 1 and b(r 0 ) = r 0 holds. The 
asymptotically flat spacetime is also obtained for this shape function, i.e., 
— = rg~ 7 r 7-1 —>■ 0 as r —> 00 . Substituting the values of p NCL and b(r) 
from Eqs. (J22]) and (134|) in (fl8l) . we obtain the following differential equation 


1 

r 


x 




r + i 

V r 2 



T"f _ M^4> 

T 12 7r 2 (r 2 + </>) 2 ’ 


1 

r 


(35) 


where 


T = 


T = 


x 


rjnff 


x 




4 



- 2 



+ (7 - 1) 




1 



fry 1 (7 —1)(7-6) 

W 6 


/ 



V 



■ (7-l) 2 
12 
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(i) Evolution of f versus T 


(ii) Evolution of p 



Figure 5: Plots of f(T) and WEC: red curve for ro = 0.93, green curve for 
r 0 = 0.95, blue curve for r 0 = 0.99 (i) f(T) versus T, (ii) p versus r, (iii) 
p + p r versus r, (iv) p + p t versus r. 



We evaluate f(T) function numerically and draw its plot as well as WEC 
versus T and r respectively, as shown in Figure 5. Keeping the same values 
of NCL parameters along with 7 = 0.5 for three values of throat radius ro = 
0.93, 0.95, 0.99. The plot (i) indicates the positively decreasing behavior of 
/• 

The expressions for WEC become 


P = 

x 
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Figure 5(ii)-(iv) shows the plots of these expressions versus r. This repre¬ 
sents that p, p + p r , p + p t indicate positive behavior of these expressions. 
Thus, physically acceptable wormhole solutions are obtained for the specific 
shape function where the basic role is played by effective energy-momentum 
tensor. 


6 Equilibrium Conditions 


To discuss the equilibrium configuration of the wormhole solutions, we con¬ 
sider the generalized Tolman-Oppenheimer-Volkov equation [261 [27] 

-jr + -^(P + Pr) + -{Pr-Pt) = Q, ( 39 ) 

dr 2 r 

for the metric ds 2 = diag(e°'^- ) , — e^ r \ — r 2 , — r 2 sin 2 9). Ponce de Leon sug¬ 
gested this equation for anisotropic mass distribution as follows 


2 / \ e 2 •M'eff / , \ dp r 

Pt-Pr )-5- (P + Pr ) - -7- = 0. 

r r dr 


( 40 ) 


Here M eff = -(■r 2 e^ ii o' is the effective gravitational mass which is mea¬ 
sured from throat to some arbitrary radius r. This equation indicates the 
equilibrium configuration for the wormhole solutions by taking gravitational, 
hydrostatic as well as anisotropic force due to anisotropic matter distribution. 
Using Eq. fHOj) . these forces are defined respectively as 

o'(p + p r ) dp r 2 ip t -p r ) 

?,!- - 2 —. ?Kf- r .,-— ; —. 
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For the wormhole solutions to be in equilibrium, it is required that 


Fgf + Fhf + Faf — 0- (41) 

It is noted here that a represents the gravitational redshift which is taken 
as constant, i.e., a = 2T leads to a' = 0 for constant \F This yields T g f 
becomes zero and we are left with hydrostatic and anisotropic forces with 
corresponding equilibrium condition T^f + T a f = 0. For teleparallel, specific 
f(T) and b(r) cases, Thf and T a f takes the following form respectively 
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Figure 6: Plot of Thf and T a f in telcparallel case versus r: red curve repre¬ 
sents Thf and blue curve represents T a f. 



Figure 7: Plot of Thf (dotted) and T a f (solid) in specific f(T) case versus r. 


Evolution of Fm and F„ f forces 



Figure 8: Plot of Thf (dotted) and T a f (solid) in specific b(r) case versus r. 
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We plot these equations for the obtained wormhole solutions as shown 
in Figures 6-8 respectively. For teleparallel case, we examine that both 
hydrostatic and anisotropic forces show same behavior but in opposite direc¬ 
tion and thus balance each other. This implies that the wormhole solution 
in teleparallel case satisfy equilibrium condition. In case of power-law f(T) 
function, this condition shows wormhole solutions in equilibrium state as r 
increases. For smaller values of r, these solutions do not satisfy equilibrium 
condition properly or we may remark that these solutions are less stable. For 
specific b(r) function, forces Thf and T a f do not balance each other. Since 
all the curves are in opposite manner having no similarity. Therefore the 
physically acceptable wormhole solutions are not in equilibrium form. 

7 Conclusion 

A wormhole represents shortcut distance to connect different regions of the 
universe. To study these solutions, the violation of NEC plays the key role 
which is associated with the exotic matter. To minimize the usage of exotic 
matter is an important issue which leads to explore a realistic model in favor 
of wormhole. In this paper, we have studied static spherically symmetric 
wormhole solutions in f(T) gravity by taking NCL background. We have 
developed the f(T) held equations in terms of effective energy-momentum 
tensor by taking non-diagonal tetrad and proved that this tensor is respon¬ 
sible for the WEC violation. By imposing the condition on matter content 
to thread the wormhole solutions, we have assumed either the f(T) or shape 
function and constructed the other one. The graphical behavior of these 
solutions is discussed. 

For power-law f(T) model, we have discussed two cases: teleparallel grav¬ 
ity ad f(T) gravity in quadratic form. Both models satisfied the conditions 
for wormhole geometry on shape function. The WEC condition is violated 
for first case while possibility of tiny wormhole solution is examined for f(T) 
case. In another case of particular form of power-law shape function, we 
have analyzed the wormhole geometry. We have found physically acceptable 
wormhole solutions as WEC satisfied in this case. Also, we have exam¬ 
ined the stability of these wormhole solutions with the help of generalized 
Tolman-Oppenheimer-Volkov equation. We have found that teleparallel NCL 
wormhole solutions are stable while f(T) NCL wormhole solutions are less 
stable. For the wormhole solutions in specific shape function case, we have 
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obtained unstable solutions. 

Bhar and Rahaman [?] investigated whether the wormhole solutions exists 
in different dimensional non-commutative inspired spacetimes with Lorentzian 
distribution. For four and five dimensional spacetime, there exist wormhole 
solutions while no solution for higher dimensions. They observed a stable 
wormhole, i.e., satisfying flare out conditions and violating energy conditions 
for four dimensions. It is interesting to note that for underlying case, we also 
obtain asymptotically flat and stable solutions in telaparallcl case, i.e., the 
behavior of all conditions is identical. The wormhole solutions HU in the 
background of NC geometry give physically acceptable wormhole solutions 
in f(T) gravity case while in teleparallel case, energy conditions violate as 
per requirement. However this work is done taking diagonal tetrad which 
is less in interest for spherical symmetry. In case of Lorentzian distributed 
NC background, we have found physically acceptable wormhole solutions in 
more stable form. We have used non-diagonal tetrad which is the favorable 
choice for spherically symmetry. The NC wormholes in f(R) gravity with 
Lorentzian distributed are discussed by Rahaman et al. [28]. They studied 
the same cases and found violation of energy conditions in all cases. That is 
no physically acceptable solutions in f(R) gravity. However, we have found 
physically acceptable as well as stable solutions. 
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